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ABSTRACT: We have generated a series of all 6561 unique, discrete three-state combinatorial switch models 
to describe the partitioning of the cooperative oxygen-binding free change among the 10 variously ligated 
forms of human hemoglobin tetramers. These models were inspired by the experimental observation of 
Smith and Ackers that the cooperative free energy of the intersubunit contact regions of the 10 possible 
ligated forms of human hemoglobin tetramers can be represented by a particular distribution of three distinct 
energy levels [Smith, F. R., & Ackers, G. K. (1985) Proc. Nat l .  Acad. Sc i .  U.S.A. 82, 534733511, A 
statistical thermodynamic formulation accounting for both dimer-tetramer equilibria and ligand binding 
properties of hemoglobin solutions as a function of oxygen and protein concentrations was utilized to 
exhaustively test these thermodynamic models. In this series of models each of the 10 ligated forms of the 
hemoglobin tetramer can exist in one, and only one, of three possible energy levels; Le., each ligated form 
was assumed to be associated with a discrete energy state. This series of models includes all possible ways 
that the 10 ligation states of hemoglobin can be distributed into three distinct cooperative energy levels. 
The mathematical models, as presented here, do not permit equilibria between energy states to exist for 
any of the 10 unique ligated forms of hemoglobin tetramers. These models were analyzed by nonlinear 
least-squares estimation of the free energy parameters characteristic of this statistical thermodynamic 
development. The parameter values and associated variance were determined for each of the 6561 possible 
three-state combinatorial switch configurations relative to two independent sets of oxygen- and protein- 
concentration-dependent data [Mills, F. C., Johnson, M. L., & Ackers, G. K. (1976) Biochemistry 15, 
5350-5362; Chu, A. H., Turner, B. W., & Ackers, G. K. (1984) Biochemistry 23,604-6171. An additional 
constraint of approximately equal fractional oxygen saturation of tetramer (Y and p subunits was imposed 
consistent with independent experimental evidence. The statistical validity of each of the models was 
characterized for both data sets by the variance ratio obtained from the model-dependent analysis for each 
configuration relative to the model-independent thermodynamic analysis. Analysis was conducted in two 
ways such that tetramer (Y and p subunits were (1) constrained to have equal intrinsic oxygen-binding free 
energies and (2) permitted to vary independently in their intrinsic oxygen-binding free energies. Extensive 
grid searches to broadly survey parameter values were performed for each configuration to identify the 
numerous local minima often encountered. The variance ratios obtained for the three-state combinatorial 
switch models corresponded to statistically invalid analyses unless the model-dependent free energy values 
were permitted to assume values that are either physically unrealistic or inconsistent with model-independent 
thermodynamic observations. However, the inclusion of the quaternary enhancement effect into the for- 
mulation of the models is sufficient to enable the models to describe the experimental data with reasonable 
parameter values. 

H u m a n  hemoglobin has been studied extensively as a model 
macromolecular protein assembly exhibiting the property of 
functional self-regulation. Cooperative changes in the affinity 
of the tetrameric protein complex for binding oxygen occur 
as the extent of fractional saturation of available sites is altered 
(Ackers, 1980; Ackers & Halvorson, 1974; Ackers & Johnson, 
1981; Chu et al., 1984; Flanagan et al., 1981; Johnson & 
Ackers, 1982; Mills & Ackers, 1979; Mills et al., 1976; Pet- 
tigrew et al., 1982; Smith & Ackers, 1985). The macroscopic 
oxygen-binding properties of this system are also sensitive to 
the total protein concentration by way of the dimer-tetramer 
equilibrium (Ackers & Johnson, 1981; Johnson & Ackers, 
1982; Smith & Ackers, 1985). In addition, the functional 
behavior of this system is sensitive to the concentrations of 
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small regulatory species present in the environment such as 
protons, organic phosphates, carbon dioxide, and chloride ions 
(Johnson et al., 1984). The influences of these multiple reg- 
ulatory variables are all correlated with each other, making 
it necessary to consider a multidimensional network of in- 
teracting phenomena to fully characterize the functional 
properties of hemoglobin. Thus, a great deal is known about 
the behavior of this protein complex with respect to numerous 
and interrelated regulatory influences on its function. Detailed 
characterization of this extensively studied system will permit 
enhanced understanding of the relationships between the 
structure, energetics, and functional properties of human 
hemoglobin, in particular, and regulatory proteins, in general. 

Of particular interest has been correlation of the thermo- 
dynamic description of hemoglobin function with structural 
properties of the system. X-ray crystallography (Baldwin & 
Chothia, 1979; Perutz et al., 1969), X-ray absorption fine 
structure spectroscopy (Eisenberger et al., 1978), resonance 
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Raman spectroscopy (Asher et al., 1981), and NMR'  spec- 
troscopy (Russu et al., 1983; Viggiano & Ho, 1979; Viggiano 
et al., 1979) have all contributed to the base of structural 
information now known about hemoglobin. Early models that 
were developed to account for the functional properties of 
hemoglobin emphasized assignment of detailed protein 
structural changes to changes in functionally relevant energetic 
states (Perutz, 1970a,b; Szabo & Karplus, 1972). The con- 
cepts employed in developing such models were based largely 
on intuitive attempts to correlate the structure, function, and 
energetics of the system. More recent analysis of experimental 
data that accounts for a number of functionally significant 
system variables simultaneously (e.g., oxygen concentration, 
protein concentration, pH, and temperature) has not permitted 
a satisfactory assignment of atomic level correlations between 
structure and function according to these earlier models (Chu 
et al., 1984; Johnson et al., 1984). 

Recently, Smith and Ackers (1985) have reported the ex- 
perimental observation that the cyanomethemoglobin tetramer 
functions as a three-state combinatorial switch. In these ex- 
periments, Smith and Ackers (1985) observed three ener- 
getically unique forms of the hemoglobin tetramer. It is im- 
portant to note that the observation of three energetically 
distinct forms cannot directly be equated to a statement that 
the hemoglobin tetramer has three distinct structural forms. 
The experiments of Smith and Ackers (1985) were, by ne- 
cessity, conducted on the stable, ligated cyanomet forms of 
hemoglobin. 

The present work describes a rigorous test of a compre- 
hensive series of 6561 unique and discrete three-state com- 
binatorial switch models for hemoglobin binding of oxygen. 
The generation of these models was inspired by the experi- 
mental observations of Smith and Ackers (1985). These tests 
utilized two independent sets of oxygen-binding data at  a 
variety of total protein concentrations under conditions highly 
analogous to those of the Smith and Ackers (1 985) experi- 
ments. 

MATHEMATICAL PROCEDURES 
A mathematical formulation of the thermodynamic linkage 

scheme characteristic of subunit dissociation and ligand 
binding based on statistical thermodynamic principles (Johnson 
& Ackers, 1982; Johnson, 1986) was developed to test all 6561 
of the unique three-state configurations for the partitioning 
of the 10 ligation states of hemoglobin tetramers into three 
distinct energy states. The influence of the dimer-tetramer 
equilibrium was incorporated to take full advantage of and 
to accurately account for the information contained in variable 
protein concentration data. In addition, the data were con- 
strained such that fractional saturation of CY and /3 subunits 
was approximately equal at two points of tetramer fractional 
oxygen saturation, consistent with the tolerances derived from 
the data of Viggiano and Ho (1979). An extensive search of 
all physically reasonable model parameters (see Uniqueness 
of Estimated Parameters) was conducted to identify all var- 
iance minima for each of the 6561 possible unique three-state 
configurations. Parameter values determined from inde- 
pendent observations were constrained to their known values. 
Only the intrinsic free energies for binding oxygen to CY or ,6 
subunits within the tetramer and the intermediate tetramer 
cooperative oxygen-binding free energy were variable. This 
experimental approach permitted assignment of energy values 

I Abbreviations: EDTA, ethylenediaminetetraacetate; NMR, nuclear 
magnetic resonance; Tris, tris(hydroxy.methy1)aminomethane. 

FIGURE 1 : Ligand-linked dimer-tetramer association scheme for the 
binding of oxygen to hemoglobin. kzi and kqi are the stepwise Adair 
binding constants for each stage of ligation; 'K2 are the equilibrium 
constants for the formation of tetramers with i oxygens bound; (ao) 
represents hemoglobin dimers; (CYP)~ represents hemoglobin tetramers; 
X represents molecules of oxygen bound; n is present to account for 
the appropriate number of dimers required for stoichiometric balance. 

and a corresponding estimate of confidence limits that reflected 
the validity of a particular analysis. All analyses were 
characterized by the ratio of the model-dependent variance 
relative to that of the model-independent thermodynamic 
analysis as applied to both sets of oxygen-binding data for each 
three-state configuration examined. 

Linkage Scheme. Ligand-linked subunit assembly of human 
hemoglobin A may be described by Adair constants inde- 
pendent of any specific mechanistic models of hemoglobin 
action (Johnson et al., 1976; Ackers & Halvorson, 1974). This 
linkage scheme is presented in Figure 1, where the 'K2 are 
equilibrium constants for forming tetramers with i oxygens, 
Xi, bound by combinations of appropriately liganded dimers. 
The stepwise Adair binding constants, kzi and k4i, are char- 
acteristic of forming i-liganded from (i - 1)-liganded dimers 
and tetramers, respectively. The product Adair binding con- 
stants, K2i and K4i, are the successive products of the stepwise 
constants, e.g., K43 = k41k42k43. 

The oxygen-binding isotherm for this ligand-linked dimer- 
tetramer association scheme may be represented mathemat- 
ically by (Ackers & Halvorson, 1974) 

22/ = K2'[X] + 2K22[X]2 

Z4 = 1 + K4'[X] + K42[X]2 + K43[X]3 + K44[X]4 

Zql = K41[X] + 2K42[X]2 + 3K43[X]3 + 4K44[X]4 

F2,4 is the fractional oxygen saturation of a system of dimers 
and tetramers. [P,] is the total protein concentration (molar 
heme), and [XI is the concentration of unbound oxygen. OKz 
is the unliganded dimer to unliganded tetramer association 
constant, and K2 and K4 are the product Adair oxygen-binding 
constants for dimers and tetramers, respectively. 

Discrete Three-State Combinatorial Switch Model. Hem- 
oglobin tetramers may be present in 10 unique ligated forms 
representing one unliganded form, two singly liganded forms, 
four doubly liganded forms, two triply liganded forms, and 
one fully liganded form (see Figure 2) (Smith & Ackers, 
1985). The degeneracy present in partially liganded forms 
results from multiple, nonequivalent ways to distribute bound 
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tetramer association free energy, (2, 3) the free energies for 
binding the first and second oxygens to dissociated dimers, (4) 
the cooperative free energy of the unliganded tetramer, ( 5 )  
the cooperative free energy of the fully liganded tetramer, (6) 
the intermediate tetramer cooperative free energy, and (7, 8) 
the intrinsic oxygen binding free energies for the CY and fl  
subunits of tetramers. The unliganded dimer to unliganded 
tetramer association free energy (1) has been determined 
independently (Mills et al., 1976; Chu et al., 1984), and the 
known value is used in analysis. The free energies for binding 
the first and second oxygens to dissociated dimers (2, 3) have 
also been determined independently (Mills et al., 1976; Chu 
et al., 1984) and indicate no cooperativity of oxygen binding 
to dimers. The known values are used in analysis. The co- 
operative free energy of the unliganded tetramer (4) serves 
as the tetramer reference state and thus, by definition, has a 
value of zero. The cooperative free energy of the fully liganded 
tetramer (5) has been determined independently (Mills et al., 
1976; Chu et al., 1984), and the known value is used in 
analysis. The intermediate cooperative oxygen binding free 
energy (6) is a variable in analysis as are the intrinsic oxy- 
gen-binding free energies for the CY and p subunits in tetramers 
(7, 8). Analysis is performed under conditions in which the 
intrinsic oxygen-binding free energies of a and /3 subunits in 
tetramers are constrained to be equal as well as under con- 
ditions in which they may freely vary independently of each 
other. 

The tetramer configurations are characterized by a 10-digit, 
base three number, e.g., 1222233333, in which the value of 
each digit represents cooperative energy state 1, 2, or 3 and 
the position of the digit corresponds to the tetramer form in 
the associated energy state. The left-most digit represents the 
unliganded tetramer (always in state l ) ,  and the right-most 
digit represents the fully liganded tetramer (always in state 
3). The order of the remaining forms is as presented in Figure 
2 and Smith and Ackers (1985). The example 1222233333 
is the representation corresponding to the configuration de- 
duced by Smith and Ackers (1985) for cyanomethemoglobin. 

Uniqueness of Estimated Parameters. The parameter es- 
timation procedure requires initialization by input of some set 
of initial guess parameter values. The existence of multiple 
minima raises the possibility of convergence to only one of the 
multiple local minima that may be present (Johnson & Ackers, 
1982; Johnson et al., 1984). For this reason, an extensive grid 
search of parameter values is employed to select the set of 
estimated parameters corresponding to the lowest obtainable 
variance for each tetramer configuration examined. 

The intrinsic tetramer CY and fl  subunit oxygen-binding free 
energies are varied from -12 to -3 kcal/mol, and the inter- 
mediate cooperative oxygen-binding free energy is varied from 
-1 to 11 kcal/mol at 0.5 kcal/mol intervals. This generates 
a 19 X 19 X 25 grid of possible parameter values containing 
9025 elements. The variance is calculated at  each of these 
9025 grid elements for each tetramer configuration examined 
relative to the four free energies corresponding to the tetramer 
product Adair constants known from model-independent 
thermodynamic analysis. Values of the variance are thus 
assigned to each element of the grid. Nearest-neighbor com- 
parisons are performed among the variances for each of the 
9025 grid elements to identify all loci that represent local 
minima. Assignment of a near infinite variance to 2882 pe- 
ripheral grid elements is utilized to facilitate identification of 
local minima that may be present at the edge elements of the 
19 X 19 X 25 grid. After all local minima are identified at 
0.5 kcal/mol resolution, variances are calculated around each 
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FIGURE 2: Graphic representation of the 10 unique variously ligated 
forms of hemoglobin tetramers. X represents the presence of oxygen 
on the labeled subunit. The form numbers correspond to the order 
of presentation of the 10-digit number representative of a particular 
configuration of distributed cooperative energy states (form 1 is the 
left-most digit, form 10 is the right-most digit). 

ligand among the CY and fl  subunits of the tetramer. The 
three-state combinatorial switch model for hemoglobin action 
involves expenditure of cooperative free energy for binding 
ligand in two discrete steps, giving rise to three energetically 
distinct states for the 10 variously ligated tetramers. 

Formulation of a mathematical model based on discrete 
three-state combinatorial switch models involves distribution 
of three cooperative energy states among the 10 unique forms 
of variously ligated hemoglobin tetramers. The unliganded 
tetramer represents the reference state for tetramer cooperative 
oxygen-binding free energy and is thus constrained to possess 
zero cooperative free energy. The fully oxygenated tetramer 
represents another configuration for which the cooperative free 
energy may be constrained to a known value from independent 
experimental observations (Mills et al., 1976; Chu et al., 1984). 
The energy states of two of the 10 unique tetramer forms 
therefore may be constrained to known values, thus leaving 
8 forms among which the three possible energy states are to 
be distributed. In addition, two of the three cooperative free 
energy values are determined, leaving the value of only one 
energy level, the intermediate cooperative oxygen-binding free 
energy, as a variable. 

The configurations of the eight intermediate ligated forms 
of the tetramer are systematically varied to generate all 6561 
possible distributions of the three cooperative oxygen-binding 
free energies. 

Full characterization of oxygen-binding behavior and di- 
mer-tetramer equilibrium distributions of hemoglobin solutions 
requires knowledge of the oxygen and protein (in terms of 
molar heme) concentrations and eight parameters descriptive 
of the thermodynamic linkage scheme. The eight thermody- 
namic parameters are (1) the unliganded dimer to unliganded 
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identified minimum to a resolution of 0.25 kcal/mol. Each 
of the sets of parameter values that correspond to local grid 
minima at 0.25 kcal/mol resolution are then used as initial 
guesses in the least-squares parameter estimation algorithm 
(see Appendix). This process is carried out for each of the 
configurations examined. 

Experimental Oxygen-Binding Data Employed. Testing 
of the statistical thermodynamic models based on discrete 
three-state combinatorial switch models is performed by 
analysis of the binding of oxygen to stripped human hemo- 
globin A as a function of both oxygen and protein concen- 
tration in two independent data sets (Mills et al., 1976; Chu 
et al., 1984). These sets of data include independent evalu- 
ations of the dimer to tetramer association constants for both 
unliganded and fully liganded hemoglobin (Mills et al., 1976; 
Chu et al., 1984). The experimental conditions under which 
the oxygen-binding data were collected are 0.1 M Tris, 0.1 
M NaCl, and 1.0 mM Na2EDTA, pH 7.4 (adjusted with 
concentrated HCl) at  21.5 OC. 

Determination of oxygen-binding behavior at various hem- 
oglobin concentrations permits analytical characterization of 
the influence of the dimer-tetramer equilibrium simultaneously 
with that of ligand association. Such simultaneous analysis 
permits better determination of total system properties than 
would parallel, independent analyses. 

All analyses are performed on the actual oxygen-binding 
data rather than on derived thermodynamic parameters or data 
synthesized from such derived parameters. This permits direct 
access to the observed experimental data with associated un- 
certainties as encountered during data acquisition. The actual 
experimental data does not contain any of the biases that may 
have been introduced by intermediate levels of analysis. Each 
of the oxygen-binding data points have equal statistical weights 
assigned to them such that the model-independent thermo- 
dynamic analysis yields a variance of 1.0 for each data set. 
Variances derived from model-dependent analyses then directly 
correspond to the variance ratios of model-dependent to 
model-independent thermodynamic analysis. 

High-resolution 'H NMR spectroscopy monitoring two 
hyperfine shifted proton resonances and two exchangeable 
proton resonances as a function of hemoglobin oxygenation 
has detected no apparent preferential oxygen binding to the 
a or /3 subunits of hemoglobin tetramers (Viggiano & Ho, 
1979). These results were included in our analysis by con- 
straining a and /3 subunits of tetramers to experience ap- 
proximately equal fractional oxygen saturation at two points 
in the tetramer oxygen-binding isotherm with approximate 
standard errors of 5% uncertainty included as reported by 
Viggiano and Ho (1979). This property of tetramer oxy- 
gen-binding behavior is thus accounted for during analysis by 
statistically constraining the ratio of tetramer a and subunit 
oxygen binding according to these independently determined 
observations. 

An appendix has been included to provide details of the 
statistical thermodynamic formulation of the three-state 
combinatorial switch models and the nonlinear least-squares 
parameter estimation procedures. 

RESULTS AND DISCUSSION 
Smith and Ackers (1985) recently reported that cyano- 

methemoglobin tetramers expend ligand binding cooperative 
free energy in two steps, thus requiring three distinct energetic 
states. The experiments of Smith and Ackers (1985) were 
conducted on hemoglobin ligated at  various levels with CN, 
generating a stable protein-ligand complex required by their 
experimental protocol. 
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The particular three-state combinatorial switch configura- 
tion reported by Smith and Ackers (1985) corresponds to 
1222233333 in the notation of this paper. In their more recent 
work they have indicated that 1222333333 is possibly a more 
realistic configuration (Perrella et al., 1987).2 Neither of these 
configurations is able to accurately describe either the Mills 
et al. or Chu et al. oxygen-binding data. Variance ratios3 of 
4.01 and 10.39 were obtained for the analysis of the Mills et 
al. and Chu et al. data, respectively, by the 1222233333 
configuration. Variance ratios of 3.85 and 9.92 were obtained 
for the analyses of the Mills et al. and Chu et al. data, re- 
spectively, by the 1222333333 configuration. Variance ratios 
of this magnitude correspond to a vanishingly small probability 
(P << 0.1%) of a reasonable fit of the experimental data since 
the number of degrees of freedom for each of these analyses 
is approximately 250. 

The use of CN as the ligand employed in the experiments 
of Smith and Ackers (1985) therefore appears to be responsible 
for quite different qualities in the energetic states of hemo- 
globin tetramers from those present in the case for oxygen 
binding. Ackers and Smith (1987) reach a similar conclusion 
by consideration of binding isotherms and population distri- 
butions generated from the data derived from their cyano- 
methemoglobin experiments. The binding isotherm has a 
shape quite different from that observed with oxygenation data. 
A much larger fraction of doubly ligated tetramers is predicted 
by the cyanomethemoglobin results than from analysis of 
oxygenation data. Consequently, we decided to investigate 
all of the other 6559 configurations to determine if any of these 
ways of partitioning the intermediate state cooperative free 
energy according to a discrete three-state combinatorial switch 
mechanism are consistent with the oxygen-binding data. 

In this paper we have generated a comprehensive series of 
all 6561 unique, discrete three-state combinatorial switch 
models and have tested these models by a model-dependent, 
nonlinear least-squares analysis of Mills et al. (1976) and Chu 
et al. (1984) sets of hemoglobin oxygen-binding data over a 
range of oxygen and hemoglobin concentrations. A further 
constraint is imposed on system behavior requiring a and /3 
subunits of the tetramer to experience approximately equal 
fractional oxygen saturation at two points along the oxygen- 
binding isotherm as reported by Viggiano and Ho (1979). 

Thorough characterization of discrete three-state combi- 
natorial switch models for hemoglobin action theoretically 
requires the examination of 31° or 59049 distinct combinations 
of three cooperative energy states distributed among the 10 
distinguishable forms of variously ligated hemoglobin tetra- 
mers. The unliganded tetramer serves as the cooperative 
energy reference state and thus is characterized by an invariant 
energy state (state 1) with known cooperative energy (set to 
zero by definition). The fully liganded tetramer represents 
another form with an invariant energy state (state 3) that 
possesses approximately 6.3-6.4 kcal/mol of cooperative ox- 
ygen-binding free energy relative to the unliganded, reference 
tetramer form (Mills et al., 1976; Chu et al., 1984). The 
problem is thus reduced to examination of, at most, 3* or 6561 
distinct combinations of three states among the 8 remaining, 
intermediately liganded tetramer forms. 

Each of these 6561 unique tetramer configurations was 
examined by employing a grid search over what are deemed 

* M. Perrella, L. Benazzi, L. Sabbioneda, M. Shea, and G. K. Ackers, 
personal communication. 

For this application the variance ratio is the ratio of the model-de- 
pendent variance to the variance of the model-independent thermody- 
namic analysis. 
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Table 11: Statistically Constrained Parameter Analysis Results for 
the 1223333333 Configuration' 

Table I: Two-Parameter, Three-State Least-Squares Results for the 
1223333333 Configuration' 

parameter Mills et al. data Chu et al. data 
variance ratio 1.452 

P - 0.2% 
431' = Ag2i  -8.410 
E(a,tet) -8.401 f 0.001 
E(p-a,tet) 0 
E(coop,2) 3.020 f 0.024 
E(coop,3) 6.359 
OAG, -14.437 

3.090 
P - 0  
-8.323 
-8.303 f 0.001 
0 
2.931 f 0.021 
6.330 
-1 4.42 1 

'Variance ratio = F-statistic = (model-dependent variance)/(mod- 
el-independent thermodynamic variance); Ag2]' = Ag,,' = intrinsic di- 
mer subunit oxygen-binding free energy; E(a,tet) = intrinsic tetramer 
CY subunit oxygen-binding free energy; E(P-a,tet) = difference between 
intrinsic tetramer p and a subunit oxygen-binding free energies; E- 
  COOP,^) = intermediate tetramer cooperative oxygen binding free en- 
ergy; E(COOp,3) = unliganded to fully liganded tetramer cooperative 
oxygen-binding free energy, i.e., 4AG2 - OAG,; OAG2 = unliganded di- 
mer to unliganded tetramer association free energy; P = probability as 
derived from values of the variance ratio (F-statistic) for 236 data 
points (Mills et al. data) and 283 data points (Chu et al. data). The 
configuration reported corresponds to the order of tetramer forms as 
reported in Figure 2 and Smith and Ackers (1985), and the rigidly 
constrained parameter values correspond to the optimal, independently 
determined quantities for E(dimer), E(coop,3), and 'AC2 for the re- 
spective data sets. All energies in kilocalories per mole. 

physically reasonable parameters (as described under 
Uniqueness of Estimated Parameters) to identify all local 
minima relative to the known macroscopic tetramer product 
Adair constants. Parameter values corresponding to these grid 
minima are subsequently used as initial guesses in the least- 
squares parameter estimation process (see Appendix). This 
grid search facilitates identification of the variance minimum 
for each configuration examined. This is important as up to 
approximately 30 local minima are frequently encountered. 
To be confident of identifying the lowest variance for each 
configuration, it is necessary to employ all local grid minima 
as initial guess parameter values. 

The analysis of these 6561 models, assuming that the in- 
trinsic oxygen-binding affinities of CY and 0 subunits in the 
tetramer are equal, involves estimating the optimal values for 
(1) the intrinsic tetramer subunit oxygen-binding free energy 
and (2) the intermediate state cooperative free energy for each 
of the possible three-state tetramer configurations. It should 
be noted that even though there are only 6561 different models, 
the grid search procedure identified a total of 18 741 possible 
relative minima for the Mills et al. data and 18 114 possible 
relative minima for the Chu et al. data. A least-squares pa- 
rameter estimation was performed starting at  each of these 
possible relative minima in order to be sure of finding all of 
the relative minima for the 6561 models. The best variance 
ratio obtained from the Mills et al. data is 1.45 and that from 
the Chu et al. data is 3.09 for the configuration 1223333333. 
Table I presents the constrained and derived parameter values 
for each data set. The variance ratios obtained indicate that 
this configuration does not represent an accurate character- 
ization of system behavior. The four next best variance ratios 
obtained represent the same configurations (1323333333, 
1233333333, 1223332333, and 1223323333) for each data set 
and increase rapidly in value to 3.81 for the Mills et al. data 
and to 9.40 for the Chu et al. data. The probability associated 
with these next best variance ratios is vanishingly small for 
each of the configurations identified for both data sets. 

Further analysis was then performed on each of these 
configurations in which the rigidly constrained parameters are 
allowed to vary within their independently determined standard 
errors. Such analysis permits the parameter estimation al- 

parameter Mills et al. data Chu et al. data 
variance ratio 1.128 

P -  18% 
Ag21' = Ag22' -8.459 f 0,050 
E(a,tet) -8.528 f 0.040 
E(@-a,tet) 0 
E(coop,Z) 3.043 * 0.028 
E(cooP,3) 6.834 f 0.154 

P - 0.5% 
OAG, -14.688 f 0.196 

~ 

1.735 
P - 0.05% 
-8.396 f 0.055 
-8.573 f 0.045 
0 
3.051 f 0.043 
7.353 f 0.179 
P - 0  
-14.737 f 0.214 

"Parameters are as defined for Table I; E(dimer), E(COOp,3), and 
OAG2 were constrained to be within 0.1 kcal of the values in Table I .  
Please note that these independently measured parameter values are 
constrained within a Gaussian distribution with a 0.1 standard devia- 
tion. This means that the parameter estimation procedure can force 
the actual value to be more than 0.1 from the optimal value, but in 
doing so the constraining procedure must pay a penalty of an increased 
variance ratio. 

gorithm to vary the values of the independently determined 
parameters to identify the variance minimum that may result 
in an improved variance ratio while only slightly altering the 
previously fixed parameter values. This is done to determine 
if small variations in the values of these independently de- 
termined parameters might lead to significantly improved 
variance ratios. This is critical for correct interpretation of 
the ability of any of these model-dependent configurations to 
accurately describe the data. Analysis performed in this 
manner yields a best variance ratio of 1.13 for the Mills et al. 
data and 1.74 for the Chu et al. data. Table I1 presents the 
derived parameter values with their approximate associated 
standard errors as determined for each data set. Relaxation 
of the rigid constraints permits variation in parameter values 
such that the data are substantially better approximated by 
the model and yielding a variance ratio for the Mills et al. data 
that cannot be eliminated by an F-test (P < 18%). The 
analysis of the Chu et al. data indicates that this model is a 
significantly worse (P < 0.0002%) description of the data than 
the model-independent thermodynamic analysis. The unli- 
ganded dimer to unliganded tetramer association free energy 
diverges from the independently determined value, but the 
derived error limits associated with this parameter overlap 
those obtained from the independent determination. However, 
the unliganded to fully liganded tetramer cooperative oxy- 
gen-binding free energy now assumes a value significantly in 
excess of that derived from independent measurements (P < 
0.5% for the Mills et al. data and P - 0 for the Chu et al. 
data). The conclusion is thus supported that this three-state 
combinatorial switch configuration fails to accurately account 
for experimentally observed hemoglobin oxygen-binding be- 
havior. The next best four configurations obtained from the 
rigidly constrained two parameter analysis (1 323333333, 
1233333333, 1223332333, and 1223323333) yield substantially 
higher variance ratios when analyzed in this way (up to 3.58 
for the Mills et al. data and up to 8.41 for the Chu et al. data). 
The probability associated with these next best variance ratios 
is again vanishingly small for each of the configurations for 
both data sets (P < 0.05%). 

The analysis was also performed by fixing the independently 
determined parameter values and permitting the intrinsic 
oxygen-binding affinities of tetramer a and p subunits to vary 
independently. Optimal parameter values were then estimated 
for (1) the intrinsic tetramer CY subunit oxygen-binding free 
energy, (2) the difference between the intrinsic tetramer p and 
CY subunit oxygen-binding free energies, and (3) the interme- 
diate tetramer cooperative free energy for each of the 6561 
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possible three-state tetramer configurations. 
A total of 15 25 1 possible relative minima were identified 

for the 6561 models for the Mills et al. data and a least-squares 
parameter estimation was performed for each of these starting 
values in order to find all of the relative minima. Only 13 1 
of these least-squares parameter estimations yielded a variance 
ratio of less than 1.627 (P < 0.02%) and thus might be con- 
sidered a reasonable fit of the data. These 131 fits can be 
grouped into three categories. The first category was a single 
configuration, 1223333333, with three possible relative min- 
ima. Even though the grid search procedure had located three 
possible relative minima for this configuration, it was found 
that only a single minimum was reached by the least-squares 
parameter estimation procedure when it was started at these 
three different sets of initial values: E(a,tet) = -8.375, 
E(@-,Jet) = -0.051, E(coop,2) = 3.0201, and variance ratio 
= 1.4499. This variance ratio corresponds to a probability of 
0.22% that this model is equivalent to the model-independent 
thermodynamic analysis. The second category of configura- 
tions consisted of all possible combinations of the configuration 
llssst22s3, where s = 1 or 2 and t = 1-3. A total of 64 
possible relative minima was investigated for these 48 different 
configurations. The values of the estimated parameters were 
nearly identical for each of these 64 fits: E(a,tet) = -5.560 
f 0.220 (SD), E(@-a,tet) = -5.698 f 0.047, E(coop,2) = 
9.777 f 0.094, and variance ratios ranging from 1.0182 to 
1.2327. None of these models can be eliminated on the basis 
of the variance ratio since the highest variance ratio corre- 
sponds to a probability of about 10%. The third category of 
configurations consisted of all possible combinations of the 
configuration lslss2ts23, where s = 1 or 2 and t = 1-3. A 
total of 64 possible relative minima were investigated for these 
48 different configurations. The values of the estimated pa- 
rameters were nearly identical for each of these 64 fits: 
E(a,tet) = -11.169 f 0.040, E(@-a,tet) = 5.514 f 0.077, 
E(coop,2) = 9.674 f 0.104, and variance ratios ranging from 
1.0298 to 1.1521. None of these models can be eliminated 
on the basis of the variance ratio either. 

The grid search analysis of the Chu et al. data yielded 14 983 
possible relative minima for the 6561 different models. When 
a least-squares analysis was performed starting at each of these 
14983 sets of parameter values, only 65 were found with a 
variance ratio of less then 1.559 (P < 0.02%). These 65 were 
the same as the third group of configurations of the Mills et 
al. data, e.g., all possible combinations of the configuration 
lslss2ts23, where s = 1 or 2 and t = 1-3. The values of the 
estimated parameters were nearly identical for each of these 
65 fits: E(a,tet) = -10.795 f 0.035, E(@-a,tet) = 4.946 f 
0.069, E(coop,2) = 9.497 f 0.104, and variance ratios ranging 
from 1.2739 to 1.5 149. These variance ratios correspond to 
probabilities of fit equivalent to the model-independent ther- 
modynamic analysis of between 4% and 0.04%. 

The analysis according to the first class of models, 
1223333333, yielded an intermediate state cooperative free 
energy, E(coop,2), for both sets of data that was virtually 
identical with that found by Smith and Ackers (1985) in their 
cyanomet studies. However, the variance ratio was sufficiently 
high for the analysis of the Chu et al. data (variance ratio 
3.088) to exclude this configuration as a possible description 
of hemoglobin cooperativity. The variance ratio from the Mills 
et al. data was also high, but not as significant. 

The second and third classes of models yield variance ratios 
low enough that they appear to be satisfactory characteriza- 
tions of oxygen-binding behavior as presented in the Mills et 
al. data. The analysis with the Chu et al. data, however, 
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produces variance ratios suggesting a statistically invalid result 
for all three classes of models: 1223333333, 1 lssst22s3, and 
lslss2ts23. However, the confidence probability (P < 4%) 
is not very high for the exclusion of the third class of models, 
1 s 1 ss2ts23. 

Model-independent thermodynamic analysis of the Chu et 
al. data yields a lower value of the variance than does the same 
analysis of the Mills et al. data. This is because of the presence 
of more experimental uncertainty in the Mills et al. data than 
in that of Chu et al. Thus, the Chu et al. data provide a more 
rigorous test for the model-dependent analysis that permits 
exclusion of these configurations and associated parameter 
values as satisfactory representations of the mechanism of 
hemoglobin oxygen-binding behavior. 

The physical meaning of the determined parameters, 
E(a,tet) and E(@-a,tet), is also somewhat in doubt. The 
intrinsic free energy change for oxygen binding to the isolated 
a and p chains and to the a and @ chains within an a/? dimer 
is approximately -8.4 kcal/mol on the basis of a model-in- 
dependent thermodynamic analysis (Mills et al., 1976; Chu 
et al., 1984). The analysis according to the third class of 
configurations, lslss2ts23, yielded values of the intrinsic free 
energy change for oxygen binding to the a chain within tet- 
rameric hemoglobin, E(a,tet), of -1 1.169 and -10.795 from 
the Mills et al. and Chu et al. data, respectively. The corre- 
sponding values for the @ chain within the tetramer were 
-5.655 and -5.849, respectively. A small change in these 
quantities might be expected upon the association of the a@ 
dimers to form tetrameric hemoglobin. However, it is not 
physically realistic for the interaction along the interface 
between the two a@ dimers to be such that it increases the a 
chain free energy change for oxygen binding by -2.5 kcal/mol 
and at the same time introduces an equal and opposite change 
in the tetramer chains. The net result is that the average 
affinity of the a and @ chains within tetrameric hemoglobin 
is unchanged and the average value is the same as in isolated 
a and p chains and the chain values within dimers. It is much 
more likely that the search for a variance minimum has com- 
pensated for a physically unrealistic model by forcing the 
parameters of the model to have unrealistic values. The second 
class of models, 1 lssst22s3, introduces an approximately equal 
but opposite effect. 

The value of the intermediate state cooperative energy, 
E(coop,2), is also in question in the analysis of oxygen-binding 
data. Smith and Ackers (1985) measured the intermediate 
state energy for cyanomethemoglobin to be approximately 3 
kcal/mol. The conceptual basis of this quantity within the 
three-state combinatorial switch models is that it is an in- 
termediate energy level between the values of E(coop,l) and 
E(coop,3), Le., 0.0 and 6.33 kcal/mol. The value of approx- 
imately 9.6 kcal/mol determined for the second and third 
classes of configurations seems to be unrealistic. However, 
the reader should note that for oxygen binding to human 
hemoglobin, under these same experimental conditions, it has 
been experimentally observed that the last tetramer oxygen- 
binding step has a higher affinity than the isolated a and @ 
chains and the ap dimer (Mills et al., 1976; Mills & Ackers, 
1979; Chu et al., 1984). This "quaternary enhancement effect" 
was determined from a model-independent thermodynamic 
analysis and can thus be considered a model-independent 
experimental observation. The magnitude of the quaternary 
enhancement effect is approximately 0.5-1 .O kcal/mol. A 
consequence of the quaternary enhancement effect is that the 
intermediate state cooperative free energy, E(coop,2), might 
be slightly larger than the final state cooperative free energy, 
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Table 111: Three-Parameter, Four-State Least-Squar: s Results for 
the 1223333334 Configuration” 

Darameter Mills et al. data Chu et al. data 
variance ratio 
&2,’ = &22’ 
E(a,tet) 
E(p-a,tet) 
E(coop,2) 
E(coop,3 1 
E(coop.4) 
OAG, 

0.986 
-8.410 
-8.413 f 0.002 
0 
2.871 f 0.029 
6.653 f 0.059 
6.359 
-14.437 

1.002 
-8.323 
-8.324 * 0.002 
0 
2.747 f 0.016 
6.959 * 0.074 
6.330 
-14.421 

“Parameters are as defined for Table I; E(dimer), E(coop,4), and 
OAG2 were fixed at the values from the model-independent thermody- 
namic analysis. 

E(coop,3). However, the value of 9.6 kcal/mol calculated for 
the second and third class of models seems unrealistically large. 

None of the comprehensive series of 6561 three-state com- 
binatorial switch models that we have investigated are capable 
of simultaneously providing a good fit to the experimental data 
and physically meaningful model parameters. It thus can be 
concluded that no discrete three-state combinatorial switch 
model is a realistic description for the cooperative binding of 
oxygen by human hemoglobin. 

Since no discrete three-state combinatorial switch config- 
uration appears to accurately characterize hemoglobin oxy- 
gen-binding behavior, a brief survey was conducted to examine 
the feasibility of models based on discrete four-state combi- 
natorial switch models. The tetramer configurations were 
modeled by allowing the fully liganded tetramer form to oc- 
cupy cooperative energy state 4 characterized by the inde- 
pendently determined cooperative free energy of 6.3-6.4 
kcal/mol (Mills et al., 1976; Chu et al., 1984). The unliganded 
tetramer form was constrained to occupy state 1 with zero 
cooperative free energy. The intermediate forms had distri- 
butions among states 2 and 3. Configuration 1223333333 is 
thus represented as 1223333334, for example. Independently 
determined parameters are rigidly constrained to their most 
probable derived values, and intrinsic tetramer subunit oxy- 
gen-binding free energies and the cooperative free energies of 
states 2 and 3 are permitted to vary. The presence of four 
accessible cooperative free energy states permits a statistically 
accurate description of the experimental data with the 
1223333334 configuration while generating cooperative free 
energy values that are physically reasonable. The values 
presented in Table 111 correspond to the four-state model 
1223333334 when E(p-a,tet) is set to zero. The intrinsic 
affinity of the a and p chains within the tetramer, E(a,tet) 
when E(P-a,tet) = 0, has reasonable values for both data sets. 
The cooperative energy of the second step, E(coop,2), is ap- 
proximately the 3 kcal/mol observed for the cyanomet case 
(Smith & Ackers, 1985). The value of E(coop,3) is approx- 
imately 0.5-1 .O more than E(coop,4), as would be expected 
in light of the quaternary enhancement effect (Mills et al., 
1976; Mills & Ackers, 1979; Chu et al., 1984). The variance 
ratio is approximately unity, indicating that this model provides 
an excellent fit to both the Mills et al. data and the Chu et 
al. data. It thus appears that both sets of oxygen-binding data 
can be described by a discrete four-state combinatorial switch 
model. We  have only presented one such four-state model, 
but we anticipate that many other four-state configurations 
exist that will also provide a reasonable description of the data. 

It is interesting to note that the three-state configuration 
1223333333, presented in Tables I and 11, did not adequately 
describe the experimental data and that the four-state con- 
figuration 1223333334, presented in Table 111, did adequately 
describe the data. The difference between these appears to 

be a requirement that the model be capable of describing an 
effect analogous to the quaternary enhancement effect before 
the model can adequately characterize the data. 

It should be noted that the largest cross-correlation coef- 
ficient for the parameter estimations presented in Table I11 
was 0.912 for the Mills et al. data and 0.890 for the Chu et 
al. data. These cross-correlation values are typical of all of 
the parameter estimations that we have presented. These 
values are sufficiently far from unity that the values of the 
parameters evaluated by the least-squares procedures are not 
interdependent; Le., a large change in one of the parameters 
cannot be compensated for by a large change in another pa- 
rameter with only a slight increase in the variance. Thus, the 
parameter estimation procedures should yield unique results. 

The model as utilized in the present work does not permit 
equilibria among energy states to exist for any of the tetramer 
forms (Ferrone, 1986). The presence of such equilibria could 
effectively allow some forms of the tetramer to exhibit con- 
tinuously variable average cooperative energies. Analytical 
treatment of a model of this type without additional constraints 
would require estimation of an unreasonably large number of 
parameters by the least-squares procedure. 

We plan to extend our analysis to include a thorough survey 
of models based on discrete four-state combinatorial switch 
models. The failure of the present thorough survey of discrete 
three-state combinatorial switches to adequately characterize 
hemoglobin oxygen-binding behavior makes such an exami- 
nation necessary. The preliminary identification of a discrete 
four-state combinatorial switch distribution capable of accu- 
rately describing hemoglobin oxygen-binding action suggests 
that a number of such statistically valid model-dependent 
configurations will be identified. A knowledge of the con- 
figurations and associated free energies of interaction char- 
acterizing oxygen- and protein-concentration-dependent hem- 
oglobin action will provide enhanced understanding of the 
mechanisms involved in hemoglobin functional self-regulation. 
Such knowledge, in turn, will improve understanding of the 
principles involved in regulation of biological functions through 
mediation of functionally significant protein structural and 
energetic states. 
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APPENDIX: NUMERICAL METHODS 
Statistical Thermodynamic Formulation. The partition 

function for oxygen binding to hemoglobin tetramers may be 
expressed as (Johnson & Ackers, 1982) 

E ,  = ZZg, exp(-G,/RT)[Xl’ 

where G, is the free energy of the microscopic molecular 
configuration represented by the indices i j ,  i is the number of 
oxygens bound, j is the index to distinguish among different 
microscopic molecular configurations that have i oxygens 
bound, g,, is the statistical degeneracy of configuration ij, R 
is the gas constant, T i s  the absolute temperature, and [XI 
is the concentration of unbound oxygen. The relative proba- 
bilities of each molecular species are thus represented by the 
Boltzmann distribution of the free energies for those species. 
A macroscopic analogue of the grand canonical partition 
function for a system comprised of n-mers with i ligands, EnI, 
is defined as 

I J  

E m  = Cgi] ex~(-Gij/RT) 
I 
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The relationship between this subsystem partition function, 
&, and the partition function for oxygen binding to tetramers 
yields 

E4 = 540 + hi[XI -t h2[Xl2 + 543[X13 + E44[X14 
This permits definition of the product Adair oxygen-binding 
constants of tetramers as 

K4i = 54i/540 

Thus 
z4 = 1 + K4’[X] + K42[X]2 + K43[X]3 + K44[X]4 

The mean number of ligands bound by the tetramer, N4, may 
then be expressed as (Hill, 1960) 

d In E4 ciK4i[X]i 2,‘ N4=- -  - = -  
d In [XI 1 + Cirqi[XIi 2 4  

Analogous statistical thermodynamic development may be 
applied to hemoglobin dimers. Evaluation of the free energies 
of each microscopic configuration of dimers and tetramers then 
involves summation over all thermodynamic interactions 
relevant to each distinguishable species relative to a reference 
state. The values of the product Adair binding constants, K2i 
and K4i, obtained in this way together with knowledge of the 
unliganded dimer to unliganded tetramer association constant, 
OK2, may be used to generate the fractional saturation of 
hemoglobin, F2.4, as a function of oxygen and protein con- 
centration (Ackers & Halvorson, 1974). 

Nonlinear Least-Squares Procedures. ( a )  Nelder-Mead 
Parameter Estimation. Application of the Nelder-Mead 
parameter estimation algorithm (Nelder & Mead, 1965) in- 
volves a multidimensional search for a minimum norm, e.g., 
variance, performed as a series of carefully selected one-di- 
mensional searches. Determination of n parameter values 
requires that (n + 1) sets of parameters be selected such that 
they define an n-dimensional simplex. In the present work, 
n mutually orthogonal simplex vertices are generated such that 
the centroid (arithmetic mean) of these vertices corresponds 
to the initial guess of the parameter values. The variance is 
then evaluated at each of the simplex vertices. The vertex with 
the largest variance is identified, and the centroid of the re- 
maining vertices is determined. A one-dimensional search is 
then conducted along the line in n-dimensional parameter space 
defined by (1) the vertex determined to have the largest 
variance and (2) the centroid of the remaining vertices. This 
search is conducted to identify parameter values that corre- 
spond to a variance which is lower in value than that of at least 
two of the simplex vertices. The point of the original simplex 
corresponding to the largest variance is then replaced with the 
parameter values defining the newly identified point. A new 
simplex is thus generated, and this procedure is repeated until 
all (n + 1) simplex vertices have associated variances within 
some specified range of values, the criterion for convergence. 
In the present work, convergence is assumed when the frac- 
tional range in variance is less than 10” of the mean value 
of the variances associated with the simplex vertices. All points 
of the simplex are thus defined by parameter values that 
correspond to effectively equivalent values of the variance. The 
values associated with the vertex with the minimum variance 
are then reported as those defining that particular minimum 
in variance space. 

( 6 )  Gauss-Newton Parameter Estimation. A modified 
Gauss-Newton parameter estimation algorithm is applied to 
selected tetramer configurations and their optimal parameter 
values as derived from the extensive grid search and Neld- 
er-Mead procedure to confirm them by an independent me- 

V O L .  2 7 ,  N O .  4 ,  1 9 8 8  1309 

thod and to generate approximate confidence limits for the 
parameters. The details of this algorithm are presented 
elsewhere (Johnson & Frasier, 1985). Briefly, a function, G, 
of the independent variable(s), Xi, and the parameters being 
estimated, a, are chosen to directly approximate the experi- 
mental data, Y,, such that yi = G(Xi,a). No transforms of 
the experimental data are employed (e.g., as in a Hill plot) 
because of the potential for introducing nonlinear distortions 
upon the distribution of random experimental error. Such 
nonlinear transforms invalidate the assumption of Gaussian 
distributed experimental error such that the usual least-squares 
criterion may no longer be applied. In addition, the parameters 
comprising the vector a should, in general, be the actual pa- 
rameters that are of interest, not related, transformed pa- 
rameters. 

Given some set of initial guess parameter values, partial 
derivatives of the function G are evaluated with respect to each 
variable parameter, aj, to generate a matrix P with elements 
Pij as 

Pij = dG(Xi,a) /actj 

and a vector of residuals, rC, is generated with elements yi* 
as 

yi* = - G(Xi,a) 

A vector t is then determined such that 

e = (P’P) - ’Prc  

P’ = transpose of P 

(P’P)-’ = inverse of (P’P) 

ak = + e 

where ak is the value of a for the kth iteration. The procedure 
is continued until the fractional change in CY is less than some 
specified tolerance limit. 

A modification is made in this basic algorithm in that e is 
used to estimate direction only, instead of direction and dis- 
tance, and a search is performed to find the distance necessary 
to generate a minimum variance. The magnitude of a is 
changed by factors of 2 until two consecutive sets of parameter 
values are obtained that (1) have a corresponding variance less 
than that of the previous vector and (2) have a corresponding 
variance greater than that of the previous vector. The values 
of a from the previous iteration and those from these two newly 
identified parameter vectors are then used to derive a quadratic 
polynomial. The derivative of the resulting polynomial is used 
to estimate parameter values that correspond to a minimum 
variance. If the variance associated with one of the original 
three vectors is lower than that of the predicted minimum, the 
values defining the vector with the lowest variance are taken. 
This procedure is continued until the fractional change in the 
variance is less than some specified tolerance limit. In the 
present work, iterations are continued until the fractional 
change in variance is lod or less. Such a stringent convergence 
criterion is employed to most rigorously identify the minimum 
of the variance. 

( c )  Constraining the Parameter Estimation Process. In the 
extensive, multiconfiguration analysis, conducted by applica- 
tion of the grid search followed by Nelder-Mead parameter 
estimation, values for free energy parameters determined from 
independent analysis are rigidly constrained to their most 
probable derived values. These parameters are the unliganded 
dimer to unliganded tetramer association free energy, the free 
energies for binding the first and second oxygens to dissociated 

The basic Gauss-Newton procedure then provides ak as 
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dimers, the cooperative free energy of the unliganded tetramer, 
and the cooperative free energy of the fully liganded tetramer. 
Such rigid constraint of independently derived parameter 
values makes it necessary to estimate only the intrinsic tet- 
ramer a and @ subunit oxygen-binding free energies and the 
intermediate tetramer cooperative oxygen-binding free energy 
as variable parameters. Estimating only these parameters 
greatly reduces the computation time required to examine all 
possible discrete three-state combinatorial switch configura- 
tions. 

For the configurations that yield the lowest variances as 
identified above, further analysis is performed permitting the 
independently determined parameters to vary within statis- 
tically constrained limits. The values of the independently 
determined parameters, along with their derived approximate 
standard errors, are included as additional data points in the 
fractional oxygen saturation data files. Upon encountering 
the newly included data points, the parameter estimation 
algorithm employs a different set of functions, G, for char- 
acterization of the corresponding input values and their as- 
sociated standard errors. Inclusion of this capability into the 
parameter estimation algorithm permits the independently 
determined parameters to deviate from their most probable 
values while constraining the magnitude of any deviation by 
the statistical weighting factor, the approximate standard error. 
The variance is calculated so as to simultaneously account for 
the oxygen-binding data and the statistically constrained pa- 
rameters. The derived variance thus accurately represents 
contributions from all relevant constraints pertaining to ex- 
perimental uncertainty and all constraints are simultaneously 
accounted for in a statistically valid manner. 
(d) Confidence Interval Estimation. Estimates of confi- 

dence intervals around variable parameters is possible by em- 
ploying the modified Gauss-Newton algorithm in analysis. 
The details of this method for estimating confidence intervals 
in nonlinear, asymmetric variance spaces is discussed by 
Johnson (1983). Briefly, the procedure involves searching the 
variance space for an F-statistic corresponding to 67% con- 
fidence probability. This corresponds to approximately one 
standard deviation for a Gaussian distribution. This search 
of variance space is performed in two ways. (1) The elements 
of the parameter vector, a, are varied independently. (2) The 
direction of the search is defined in terms of the F-statistic 
as the axis of the multidimensional hyperellipsoid generated 
by the solutions, Q, of the equation 

(a - Q)PP’(a - Q) < na*F-statistic 

where n is the number of parameters and u2 is the variance 
of the minimum. 

Because of correlation among successive data points, cor- 
relation among estimated parameters, and nonlinearity of the 
equations, the derived confidence limits are only approximate 
estimates of the true values. Confidence limits derived in this 
way are usually asymmetric and are thus reported as lower 
and upper bounds by the fitting algorithm. However, in the 
present work, the extent of observed asymmetry was not 
substantial, so all confidence intervals are reported as plus and 
minus the range obtained by dividing the derived range by 2. 
The standard deviations derived in this way do not necessarily 
indicate the accuracy of the experimental parameters, because 
the validity of the particular mathematical formulation is 
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implicit in such an interpretation. They do, however, indicate 
the quality of a given model-dependent fit relative to the 
uncertainty encountered in the experimental data being ana- 
lyzed and to all relevant mathematical correlations that may 
exist. 
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